Helicopter ground resonance is an unstable dynamic phenomenon which can lead to the total destruction of the aircraft during take-off or landing phases. The earliest research in this domain was done by Coleman and Feingold around the 60's decade. The prediction of the instability was possible by using classical procedures once the rotor was considered as isotropic and, consequently, the periodic equations of motions could be simplified to a system with constant coefficients by introducing a change of variables, knew as Coleman Variable Transformation. With the goal of further comprehend the phenomenon and the influence of the anisotropic properties of rotors, analysis in the periodic set of equations of motions is envisioned. For this, Floquet's theory (Floquet's Method -FM) is used. In the present work, analyses of predicting the ground resonance phenomenon in isotropic and anisotropic rotor configurations are explored. The conclusions lead to verify the appearance of bifurcation points depending on the anisotropic characteristic present in the rotor. Abstract. Le phénomène de résonance sol des hélicoptères consiste en une instabilité dynamique présente durant les phases de décollage et d'atterrissage de l'aéronef et qui peut l'amener à sa destruction totale. Les premières recherches dans le domaine ont été réalisées par Coleman et Feingold dans les années 60. La prévision du phénomène utilise des méthodes classiques d'analyse suite à une simplification des équations du mouvement par un changement de variable qui n'est valable que pour un rotor isotrope. Avec l'objectif d'une meilleure compréhension du phénomène et de l'influence des propriétés anisotropes des rotors, une analyse du système d'équations périodiques est réalisée. La méthode de Floquet (FM) est utilisée. Ainsi, dans ce travail, des analyses pour prévoir le phénomène de résonance sol des hélicoptères sont explorées dans le cas d'un rotor isotrope et anisotrope. Les conclusions vérifient l'apparition des points de bifurcation d'instabilité en fonction des caractéristiques anisotropes attribuées au rotor. Mot-Clés : Résonance Sol / Dynamique Nonlinéaire / Méthode de Floquet / Rotor Isotrope / Rotor Anisotrope.
INTRODUCTION
The ground resonance phenomenon in helicopters, which can be very violent and lead to the total destruction of the aircraft, consists of a self-excited oscillation caused by the interaction of the rotor blades' lagging motion with other helicopter modes of motion. [1] performed some of the earliest research on the phenomenon, and laid the foundation for all of the work that was to follow. Between those, Donham [2] , and Lytwyn [3] studied this phenomenon taking into account also the air resonance effect. Major contributions in understanding the ground resonance phenomenon in hingeless and bearingless rotors were done by Army researchers, as for example, Dawson [4] and Hodges [5] . Recently, Kunz [6] analysed the influence of nonlinear springs and dampers (elastomeric elements) on predicting the rotor's instability zone. Byers and Gandhi [7] explored the passive control of the problem.
Coleman and Feingold
However, in order to establish the criteria to avoid unstable oscillations, the equations of motion were linearized and then simplified by eliminating the periodic and parametric terms. This last process, applicable only for isotropic rotor configurations, is identified as the Coleman Transformation and more generally called the multi blade coordinate transformation.
With the objective of further understanding the ground resonance phenomenon, a treatment of the periodic set of equations of motion is envisioned in order to extend the analyses and verify the influence of anisotropic characteristics of the rotor.
Mathematical methods, as for example Floquet's Theory and Hill's infinite determinant [8] , are already developed and used in order to treat differential equation with periodic coefficients, knew as Mathieu's equation [9] .
Comparing to the results obtained by Coleman and Feingold for an isotropic rotor, a recent study given by Sanches [10] kept the periodic and parametric terms in the equations of motion. This paper sets up the dynamical equations of motion from the mechanical model considered and exposed in section 2. Briefly, in section 3, the applied methodology -Floquet's Method -is described. In sections 4 and 5, the critical rotor speeds predicted are presented for an isotropic and anisotropic rotor and, then compared and discussed. Both, body and rotor head, are joined by a rigid shaft, the aerodynamical forces on the blades are neglected and any viscous damping are taking into account.
MECHANICAL MODEL

Equations of motion
The equations of motion are obtained by applying Lagrange's equation on the kinetic and potential energy expressions of the system (body and rotor head). To reach this goal, some conditions have been considered. • The fuselage has mass m f and the spring stiffness connected to it are K f-X and K f-Y through x and y directions, respectively;
• The rotor is composed of Nb = 4 blades and each blade k has an azimuth angle of ( )
with the x -axis;
• Each blade has the same mass Iz ;
• The angular spring stiffness for each k blade is k b K ;
• The k blade position projected in the inertial coordinate system is:
where a is the hinge offset.
Considering the general Laplace variable u as
where it is a vector made up of the degree of freedom variables of the system. 
M u G u K u F ext
The M, G and K correspond to the mass, damping and stiffness matrix, respectively. They are non-symmetric and non-diagonal matrices due to the presence of parametric terms. Moreover, F ext is the external force vector which is equal to zero for an isotropic rotor configuration. They have all a common characteristic -periodic -as typified in Eq.(5 -8), in the following. 
. 
FLOQUET'S METHOD
In this section, a stability analysis of the periodical equations of motion is envisioned in order to prefigure the critical rotor speeds at which the unstable phenomenon in helicopter may appear.
Then, Floquet's theory is used.
Representing the dynamical system in a state-space format and considering S(t) the state-space matrix with period T of Eq. (4), the system becomes
where ( ) v t is the state variable.
By Floquet's Theory, a transition matrix ĭ , which relates ( ) v t and 0 ( ) v t , is defined as
The monodromy matrix R and the constant matrix Q are defined, then:
( ) 
NUMERICAL RESULT
The goal of this section is to predict, by using the mathematic analytical method developed previously, and collect the critical rotor speeds values R Ω at which the system becomes unstable. In order to explore the proposed method over a wide range of rotor configurations, the results are presented in the following subsections. In the first one, the instability zones for one isotropic rotor are presented. However, in the second one, it is exhibited analyses for many anisotropic rotor configurations.
ISOTROPIC ROTOR CONFIGURATION
The numerical values used for the system's inputs are defined in Table 1 . It is important to notice that the subscript k in the terms is eliminated once the rotor is isotropic. 
Varying the rotor speed from 0 to 10 Hz, the critical rotor speeds, at which unstable oscillations occurs, are defined when Ȝ reaches positive values, as discussed in section 3 and represented in Figure 2 .
Figure 2. Evolution of the characteristic multipliers as function of the rotor speed
The boundary limits (beginning and ending points) of the instability zones are laid out in Table 2 . 
ANISOTROPIC ROTOR CONFIGURATION
The interest, in this section, is to determine the instability zones where the dynamical system becomes unstable for anisotropic rotors by using the method described in section 3.
The numerical values used for the system's inputs are the same as those defined in Table 1 , excepted for the blades' lead-lag resonance frequencies k b ω . Three study cases are treated by considering the applied modifications: 1-) Only one blade, 2-) Two adjacent blades, 3-) Two opposed blades.
• Case 1:
Three blades are considered having the same lead-lag resonance frequency equal to 1.5 Hz, while the last one is varied from -100% to +100% of the value indicated previously. The boundaries of the instability zones are collect for each anisotropic blade configuration and Figure 3 shows the evolution of these regions as function of the rotor speed. In this case, two adjacent blades (3 rd and 4 th ) have been altered from -100 to +100 % of the others blades' lead-lag resonance frequencies considered as 1.5 Hz. Figure 4 illustrates, tridimensionally, the limits of the instability zones for each rotor configuration as function of the adjusting parameters and the rotor speed.
Admitting different constant values for 3 b ω , Figure 5 ∆ω for each rotor configurations, similar process to case 1.
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Figure 4. Anisotropic Rotor Analysis for the 3 rd and 4 th Blades
• Case 3:
In this case, the same procedure is applied, as discussed in the previous case. However, the blades which have been modified are in opposite positions (2 nd and 4 th blades). Figure 6 illustrates, tri-dimensionally, the limits of the instability zones as function of ∆ω for each rotor configuration.
DISCUSSION
Considering the influence of only one of the blades, as in case 1, Figure 3 illustrates the presence of a main instability region at 4. ∆ω were fixed for cases 2 and 3, respectively and equal to: -100%, -52.381%, 52.381% and 100%. Figure 5 ∆ω . As they increase, the new main region moves to high rotor speed values.
Small differences between cases 2 and 3 can be found in the boundaries values of the new main unstable region and in the instability zone at low rotor speed.
CONCLUSION
As for the comprehension and analysis of the ground resonance phenomenon in helicopter with lead-lag articulated blade rotors, this paper is envisioned to predict the critical rotor speeds at which unstable oscillations may occur for an isotropic and anisotropic rotor configurations and at which may lead the aircraft to its total destruction.
In other words, the aim of the present work is to predict and analyze the stability of a set of periodic equations, obtained from the developed mechanical model in section 2, by applying the proposed mathematic analytical method: Floquet's Method.
For an isotropic rotor configuration, given in Table 1 , the numerical results show one well defined instability zone at rotor speed values between 4.35 and 5.18 Hz.
However, for anisotropic rotors configurations, three study cases are investigated. The first considers that only one of the blades is changed and, in the second and third cases, two blades are modified and assumed to be in adjacent and in opposite positions, respectively. The uncertain parameter is the variation of lead-lag resonance frequency of the blades in % from -100 to +100 related to the isotropic rotor configuration in Table 1 .
The numerical results obtained in case 1 - Figure 3 -evidences that, by changing the blade's lead-lag resonance frequency, a main instability region is noticed at critical rotor speeds values similar to those found for an isotropic rotor configuration. Also, depending on the parameter's values ( "x" shape instability evolution. Moreover, an instability region is observed at low rotor speed values near to 3Hz.
Analysing cases 2 and 3, the instability zones' evolution, as function of the blades' lead-lag resonance frequencies variation parameters, are plot in figure 4 and 6, respectively.
Forwarding in the analyses, some parameter values for blades 2 and 3 are attributed in study cases 2 and 3, respectively. Figure 5 
